Let e A fÀ1; þ1g. Let a; b A Z be such that x 6 þ ax 4 þ bx 2 þ e is irreducible in Z½x. The cubic field C ¼ QðaÞ, where a 3 þ aa 2 þ ba þ e ¼ 0, is said to lift to the sextic field K ¼ QðyÞ, where
Introduction
Suppose that a cubic field C is defined by a cubic polynomial gðxÞ ¼ x 3 þ ax 2 þ bx G 1 with a; b A Z. Let a be a root of gðxÞ and suppose that f1; a; a 2 g is an integral basis for C (so that C is monogenic). Let f ðxÞ ¼ gðx 2 Þ ¼ x 6 þ ax 4 þ bx 2 G 1 and suppose that f defines a sextic field K. Let y be a root of f . We investigate conditions on a and b so that f1; y; y 2 ; y 3 ; y 4 ; y 5 g is an integral basis for K. There are eight possibilities for the Galois group of a sextic field containing a cubic subfield [2, p. 325 ]; namely C 6 ; S 3 ; D 6 ; A 4 ; ðS 4 ; þÞ; ðS 4 ; ÀÞ; A 4 Â C 2 and S 4 Â C 2 . We show that for five of these Galois groups, there are infinitely many monogenic sextic fields which can be obtained in this way. For the remaining three Galois groups, we show that there are at most finitely many such monogenic sextic fields. We prove the following theorem in Section 3 after some lemmas are proved in Section 2. 
which belongs to Z½x, so that m is an algebraic integer. Now we prove the converse. Suppose that m is an algebraic integer. Let
where e 1 is a polynomial in a and b with integral coe‰cients such that
As m is an algebraic integer we must have b 1 1 ðmod 2Þ. We set
where g 1 is a polynomial in a and k with integral coe‰cients such that
As m is an algebraic integer we deduce that a 1 1 ðmod 2Þ. We set a ¼ 2m þ 1 ðm A ZÞ. Then
where d 1 is a polynomial in k and m with integral coe‰cients such that
As m is an algebraic integer we have
where f 1 is a polynomial in i and j with integral coe‰cients such that
contradicting that m is an algebraic integer. Hence k 1 m 1 1 ðmod 2Þ so that a 1 b 1 3 ðmod 4Þ as asserted. r
Our second lemma can be proved in a similar manner.
Let a be a root of gðxÞ. Suppose that gðxÞ defines a monogenic cubic field C and that f1; a; a 2 g is a power basis of C. Let f ðxÞ ¼ x 6 þ ax 4 þ bx 2 À 1 and suppose that y is a root of f ðxÞ. Let K ¼ QðyÞ and suppose that ½K : Q ¼ 6. Then K is monogenic with power basis f1; y; y 2 ; y 3 ; y 4 ; y 5 g if and only if ða; bÞ 2 ð0; 0Þ; ð2; 1Þ; ð2; 2Þ; ð1; 3Þ; ð3; 1Þ; ð3; 2Þ ðmod 4Þ:
Proof. It can be shown that In the remaining cases TABLE 3 gives necessary and su‰cient conditions on a and b for l to be an algebraic integer. r
Before proving the last two lemmas of this section we observe that 4x 3 À 27 ðx A ZÞ is a square if and only if x ¼ 3. To see this we appeal to MAGMA [1] , which tells us that the elliptic curve y 2 ¼ x 3 À 432 has conductor 27, rank 0, and ð12;G36Þ as its only integral points. Proof. The assertion of the first row of TABLE 4 is proved in [4] . We now give the proofs of the assertions of the second, third, fourth and fifth rows. 
We begin by proving the assertion of the second row of TABLE 4. Let 
Clearly Ày d is a root of ÀhðÀxÞ and hðxÞ 0 ÀhðÀxÞ. As y d , Ày d are roots of f d ðxÞ we deduce that
This is a contradiction since the constant term of f d is equal to 1. Next we show that f d has four real roots and two complex (nonreal) roots. First we note that since the square of each root of f d belongs to the real cubic subfield C d , each root of f d must be of the form r or ri, where r is a real number. We also note that for each root of f d its negative is also a root of f d . Since the discriminant of f d ðxÞ is equal to 
Squaring both sides, and using f However the right hand side is positive as it is the square of a real number and the left hand side is negative as it is the square of a quadratic imaginary giving a contradiction. Therefore
so that as f 3 is complex we have f 3 B K d ðf 2 Þ. Therefore
Finally we determine the Galois group of f d . Since
and the discriminant of f d is negative we see [2, p. 325] 
